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Analysis of the Chemically Reacting
Laminar Boundary Layer during Hybrid Combustion

HERMAN KRIER* AND HAROLD KERZNERt
University of Illinois, Urbana-Champaign, III

The chemically reacting boundary layer over a fuel plate was analyzed to show the effect of thermodynamic
coupling at the solid-gas interface. The fuel is assumed to undergo surface pyrolysis with subsequent reaction
with the freestream oxidizer at a flame sheet. Computed values of species and temperature profile, flame sheet
and boundary-layer thickness, as well as surface blowing rates are presented for a variety of cases of stoichiometry,
energy feedback, and pressure gradient. Although similarity approximations were utilized, the analysis compares
favorably with results of regression studies during hybrid combustion.

Nomenclature
A = fuel surface pyrolysis constant, cm/sec [see Eq. (A9)]
B = nondimensional heat feedback ratio [see Eq. (8f)]
& = blowing rate parameter, proportional to fw
Cp = specific heat of a gas species, cal/g — °K
D = mass transfer diffusion coefficient, cm2/sec
Ew = surface pyrolysis activation energy, cal/g
/ = nondimensional stream function
/' = nondimensional velocity = u/ue
h = enthalpy, cal/g
Kl = nondimensional surface blowing parameter [see Eq. (8c)]
K2 = nondimensional activation energy; (K2 = Ew/RTe)
L = solid fuel latent heat of vaporization, cal/g; also plate length
/ = density-viscosity ratio [see Eq. (4c)]
M = mass flux rate, g/sec-cm2

M = molecular weight, g/g-mole
n = regression rate index, r ~ Mox

n

p = pressure, atmosphere
Pr = Prandtl number = Cp n/1
Q = flame heat release, cal/g
q = heat flux, cal/cm2-sec
r = fuel regression rate, cm/sec
RL = Reynolds number, based on length; RL = pe ne L/ne
s = transformed x-component, g2/cm2-sec2

Sc = Schmidt number = fi/pD
T — temperature, °K
u = x-component of velocity, cm/sec
D = ^-component of velocity, cm/sec
wt = rate of species production per unit volume, g/cm3-sec
x, y = Cartesian coordinates, cm
Y = mass fraction
aox = oxygen/fuel mole ratio at flame sheet
Op = nondimensional heat release, Q/Cp Te
P = pressure gradient parameter [see Eq. (4b)]
£3 = Damkohler number
r\ = transformed y-component [see Eq. (3)]
9 = nondimensional temperature, T/Te
k = thermal conductivity, cal/cm2-sec-°K
H = absolute coefficient of viscosity
p = density, g/cm3

(f> = fuel/oxygen mass ratio (stoichio metric ratio)
if/ = stream function = (2s)1/2f(rj, s)
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Subscripts
e = boundary-layer edge
( ^ = differentiation with respect to r\
()s = differentiation with respect to s
w = wall (fuel surface)
o = wall (fuel surface)
i = species index
F = fuel
ox = oxidizer
* = flame sheet location
oo = freestream conditions
p = propellant
+ = upper side of flame sheet
— = lower side of flame sheet

Introduction

CHEMICALLY-REACTING flows adjacent to solid or
liquid surfaces are well described within the framework of

boundary-layer theory for a certain range of Reynolds numbers.
A large volume of literature exists on the effects of mass transfer
and chemical reactions upon boundary-layer characteristics. The
reader need only study the classical monographs by L. Lees1

and P. Chung2 or the text by W. Dorrance3 to determine the
applicability and types of engineering problems that fall under
the heading of chemically-reacting convective flows.

The particular process under consideration here is the two-
dimensional multicomponent laminar boundary-layer flow
shown schematically in Fig. 1. A direct application for such a
reactive flow would be the problem of the hybrid combustor;
one may study the review by Green4 for a discussion of com-
bustion in the hybrid rocket.

To analyze such a flow, let us first consider that the primary
combustion zone is within the boundary layer, developed by the
flow of main oxidizing gas stream past the solid surface.

FLAME ZONE EDGES OXIDIZER DIFFUSION ZONE
REGION TSL

BURKE-SCHUMANN
FLAME SHEET

FUEL DIFFUSION ZONE
REGION H

Fig. 1 Steady-state boundary-layer diffusion flame.



1692 H. KRIER AND H. KERZNER AIAA JOURNAL

Oxidizer is transported to the flame by diffusion and convection
from the main stream. Decomposed fuel reaches the flame by
molecular diffusion and convection from the solid surface. Heat
from the flame is then transmitted to the solid surface by
diffusion and convection, causing the process to be self-
sustaining. At the gas-solid interface, the fuel regression rate
can be related to a pyrolysis law, usually equating the regression
rate to a function of the instantaneous surface temperature.

As depicted in Fig. 1, there are four zones, three of which
make up the gas-phase boundary layer. Tsuge and Fujiwara5

have discussed, in terms of characteristic time variables, the
four transport mechanisms required to describe hybrid com-
bustion. These are pyrolysis (or sublimation) of fuel from the
interface; diffusion of fuel and oxidizer species through the
boundary layer ; heat transfer from the flame within the layer ;
and homogeneous gas phase chemical reactions. All four trans-
port mechanisms are to be included in the analysis that follows.

For the hybrid rocket problem, the parameter of concern is
the fuel regression rate r to be determined as an eigenvalue
of the boundary-layer combustion. Since by steady-state con-
tinuity

(pv)w = Ppr (1)
then the term (pv)w, the mass addition per unit area of the fuel
vapor at the "wall," is to be predicted.

From the classical approach of laminar reactive boundary
layer with mass addition (see text by Williams,6 for example),
one can show that the momentum equation admits "similar
solutions" (to be discussed below) if (pv)w is an explicit function
of length. That is

where the constant 3% in terms of the nondimensional stream
function / is equal to —fw(^e/2)1/2. It follows naturally that the
blowing "constant" is a function of the fuel pyrolysis and therefore
the wall temperature, and that this wall temperature is a function
of the convective heating and flame zone location.

Governing Relations
The general conservation equations for two-dimensional

laminar boundary-layer flow with chemical reactions required
to describe the physics of the flow shown in Fig. 1 are detailed
in Chung's monograph.2 The Appendix summarizes those
relations with a discussion of the pertinent boundary conditions.

The usual assumptions applied in the derivation of those
equations are a) no body forces, b) no thermal or pressure
gradient diffusion, c) no radiative energy transfer, d) specific
heat of all gaseous species equal and constant, e) Fick's law
for diffusion velocities applicable (the validity of Pick's law
rests on the assumption of equal binary diffusion coefficients),
f) steady-state flow, g) two-dimensional planar flow, h) an all
gas-phase, one-step, irreversible reaction between oxidizer and
fueli and i) surface pyrolysis of fuel, dependent on surface
(wall) temperature.

However, the analysis will include the proper thermodynamic
coupling of heat and mass transfer at the solid-gas interface;
this has not been previously attempted in such a way as to
predict r as an eigenvalue.

To account for compressibility, the Lees-Dorodnitsyn trans-
formations are applied, so that

r y r*
rj = ue/(2s)l/2 pdy\ s=\ peue^e dx

J o J o
(3)

As usual, 3; is the distance normal to the fuel plate and x is the
stream-wise distance. We may also define a nondimensional
stream function, / as f(s,rj) = \l//(2s)1/2, so that u/ue = df/dq.
With the continuity equation satisfied automatically by the
stream function, the conservation equations of momentum,
species and energy can be expressed as

I One could include a chemical kinetic scheme instead, as Liu and
Libby7 have done.

Momentum :

OU
where

a constant, and

Species :

Energy:

p = (2s/ue) dujds (4b)

(4C)

n> (5)
-/.0f ) (6)

With the usual boundary-layer assumption of constant im-
pressed pressure, and assuming that molecular weight is constant,
the equation of state is added so that

p/Pe=Te/T^l/0 (7)
A typical expression of the source term, w., substituted in
Eqs. (5) and (6) can be found in the report by Waldman et al.8;
a review of the meaning of the Damkohler number £g is given
by Chung.9 For a majority of the calculations presented here,
the equilibrium flame sheet assumption is utilized, which implies
assuming infinite kinetics, i.e., infinite Damkohler number. This
permits one to consider the flame zone as an infinitesimally
thin mathematical surface, across which certain conservation
matching can be applied; the source term of heat and mass
appear only through the boundary conditions. At the flame
sheet YF and 7OX are zero.

Boundary Conditions

The Appendix summarizes the energy and mass balance at the
gas-solid interface which are now expressed in terms .>of the
stream function, species, species gradients, temperature and heat
flux. The proper boundary conditions are transformed so that
at n = 0

fw=-[_K,e-^ + 2RL»2fs-\ (8a)
J j = 0 (8b)

Here Kv the blowing parameter, defined as
Kl=ppA(2RLY'2/peVe (8c)

and K2, the surface pyrolysis activation energy, as EJRTe. The
species and energy matching condition give

where

B = _c£l_

(8e)

(8f)

Here L is the latent heat of sublimation and 9p is the cold fuel
temperature. We also assume Yt_ = I (pure fuel). At the
boundary-layer edge, rj = r\e -+ oo we specify

Jt = 1 (9a)
Yt = YOXe (given); ( Y f = 0 ) (9b)

9 = 1 (9c)
Equations (4-7) can now be solved to determine the variable

properties of a chemically reacting laminar boundary layer. As
expected, a great difficulty in the solving of these basic partial
differential equations is due to the coupling between the
equations and boundary conditions.

Similarity Assumption

In order to further help simplify these complex reactive flow
relations, similarity approximations have been often applied.
This involved a transformation to a new coordinate system
(s, rj) from the original (x, y) system, where x and y are the
streamwise and normal coordinates, respectively. The similarity
transformation is successful if the s-variations of functions of
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the dependent variables vanish or become of negligible im-
portance, in which case the partial differential equations become
ordinary differential equations. Such an approach will be used
here, in light of the flame sheet approximation, although it is
strictly forbidden if the wall temperature is not constant.

The primary question is "When do similar solutions adequately
approximate these nonequilibrium processes?" Very few
attempts have been made towards the solution of the full partial
differential equations (see Chung2). The major difficulty is the
coupling through the boundary conditions and the requirement
of initial conditions on profiles at a given s-location.

To extract the essential features of the hybrid combustion
processes, we have assumed that similarity is sufficient, for the
time being, and therefore all derivatives with respect to s are set
to zero in Eqs. (4a, 5, 6, 8d, and 8e).

to 1000; and pyrolysis Arrhenius constant K2 ranged from £
to 10. The nondimensional gas phase heat release o^ was varied
from four to ten. The pressure gradient parameter fi was set to
zero for most studies reported below. It is worth noting that
since Kv the blowing parameter, is a function of the length, as
well as the pyrolysis constant, it should be determined from
nonsimilarity conditions. The results show however the regres-
sion rate r as a function of freestream oxidizer mass fraction
is weakly dependent upon Kv

As mentioned, the unknown wall blowing rate, fw, as well as
the fuel mass fraction at the wall, YF w, were eigenvalues of the
problem, uniquely determined by the coupled boundary con-
ditions and by solving the conservation equations for the given
parameters listed above and for a given freestream oxidizer
mass fraction, YOXe.

The Parameters
By also setting Prandtl, Lewis, and Schmidt numbers equal

to unity, great simplification is made in the solution to the
conservation equations. This simplification allows us to disregard
exact calculations of chemical and thermodynamic parameters.

An extensive search of the literature has indicated some effort
in evaluating fluid properties in chemically reacting boundary
layers. Penner and Libby10 used a best curve fit for thermo-
dynamic parameters and found appreciable changes in boundary-
layer parameters. Such a complexity is not included here.

Even with simplification in Lewis, Schmidt, and Prandtl
numbers, the conservation equations still remain coupled by the
fluids property parameter / defined by Eq. (4c). The power
viscosity law was used to determine the effects of the parameter
/. Usually the approximation that / = 1 was made and therefore
the fluid properties were neglected in the solution to the con-
servation equations.

The thermodynamic coupling at the wall is determined by the
parameters B, Kv and K2. A detailed discussion of the range
and applicability of these parameters is given in Kerzner.* 1 The
heat feedback ratio B should generally be less than unity; a
typical value of \ was used throughout to reflect hybrid com-
bustion, although comparisons will be made with a variety of
heat ratios. The pyrolysis-blowing constant, Klf varies from 10

Flame Sheet Analysis
According to the flame sheet model, the complete solution

for the boundary-layer properties must consist of two solutions;
region II where Ofg 77^ r\^ and region IV where r\^ rj^ oo.
At the interface of these two regions, / and /' must be con-
tinuous. The oxidizer side of the flame sheet is noted as ^sje

 +

and the fuel side as rj^~.
Following the procedure detailed by Libby and Pierucci12

one can integrate the momentum, energy and species equation
across the flame zone and then limit the zone to a sheet. It is
easy to show that

-W AB- (10)

(ii)
where o^ = Q/cp Te, and aox = MJMT .

For the case of zero pressure gradient, the governing equations
can be simply stated as
Momentum: 4, +/4 = ° <12)
Energy:
Species:

+ /6J, = 0 (13)
(14)

Fig. 2 Outline of numerical analysis
used to solve the flame sheet combustion

model.

SOLVE CONSERVATION
EQUATIONS IN H
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Fig. 3 Wall blowing rate vs freestream oxidizer mass fraction for
variable heat release and heat ratio.

with the usual boundary conditions, that at r\ = 0 and with the
conditions f(o) = - Kl exp [ - K2/0(o)']; df/drj(o) = 0;

•dY/drj(o)=f(o)[l-YF(o)']'9 and dO/d*i(o) =-f(o)/B. At the
flame sheet rj = rj^, which is determined implicitly when solving
Eqs. (12-14) and including the jump conditions, equations
(10-11), we also know that YF(rjJ= YOX^*) = °> and that the
temperature, 6, and shear, f , must be continuous.

At the boundary-layer edge, Y\ -» oo, we state as usual that
9 = df/dr, = 1 and Yox(oo) = YOXc.

Equations (12-14) can be easily integrated to Crocco type
integrals, as discussed in great detail by Penner and Libby.10

It is easy to show that
(15a)

(15b)

(15c)

(15d)

YFV

where /,.' is the velocity at the flame sheet, rj = ^^
yn, = r™I(/J

and

The reactive laminar boundary-layer problem is now com-
pletely specified. For a given value of YOXg and propellant
properties, unique solutions to the conservation equations are
obtained.

The numerical procedure is outlined in Fig. 2; details are
found in Ref. 11. A comparison of the results can now be made
with other reactive boundary-layer analysis. The predictions of
the wall blowing rate, wall shear stress, flame sheet velocity,
flame position, boundary-layer thickness, and flame temperature
are analyzed below.

Calculated Results
Figure 3 shows the predicted wall blowing function, —/w, vs

freestream oxidizer mass fraction as a function of amount of
heat transferred to the solid (B, o^ parameters). The blowing
constant K1 was set at 50 and K2 at 5. A discussion of relative
sensitivity of these two parameters is presented later.

Quantitative comparisons of the wall blowing rate can be
made with the works of Emmons13 and Chen and Toong.14

The model chosen by Emmons, for example, has certain im-

portant differences from the one described here. They are as
follows.

1) Boundary conditions are specified at the wall and the free-
stream only. The oxidizer concentration goes to zero at the
wall. Although a flame sheet model is "implied" by Emmons,
it is never actually utilized.

2) Emmons' problem effectively decouples the momentum
equation from the species and energy equations, especially with
respect to the boundary conditions. Thus his solution to the wall
blowing rate requires only a solution to the momentum equation.

3) The solution to the momentum equation is accomplished
by assuming a value for rj^, usually at a high enough value
such that /"(oo) < 10"5. Although no mention of the numerical
procedure is given in the Emmons work, it appears that the
solutions obtained were carried out for a constant boundary-
layer thickness. When the boundary-layer thickness is allowed
to vary as it should in the mass injection type problems, the
predictions of the blowing rate and wall shear stress will also
vary.

The momentum equation is a third-order partial differential
equation with four boundary conditions, the fourth one, being
implied is f"(rj) < e. The fourth boundary condition is necessary
to determine the total boundary-layer thickness. The method of
determining the total boundary-layer thickness is accomplished
by determining range of integration necessary to satisfy the first
three boundary conditions, and then extend the solution until
the implied fourth condition is satisfied. This technique was
employed by Emmons, and Chen and Toong, an integration
range of rj = 6. This technique has proven satisfactory for
boundary-layer flows without mass injection.

However, with mass injection, as in the present study, a larger
value of jy-range must be employed because of the thickening
of the boundary layer due to mass injection. Changing the
range of integration from r\ = 8 to rj = 6 can produce errors
in the wall blowing rate between 10-20%.

To overcome this problem, the conservation equations were
solved independently in the regions above and below the flame
sheet, and then matched at the flame sheet through the
boundary conditions and jump conditions. By imposing
boundary conditions at the wall and freestream, one can only
obtain a distributed flame zone, instead of a flame sheet, without
oversimplifying the problem. For each value of grange, there
will exist one value, for the flame sheet location and wall
blowing rate. Therefore, without the use of the jump conditions,
there may exist several values for flame sheet locations and
wall blowing rates, for various ^/-ranges. An analysis which
utilizes the flame sheet model and omits the jump conservation
by assuming an erroneous value of grange, actually violates
the conservation of energy across the flame sheet. This type of
result usually exhibits lower values of wall blowing rates than

0.4

0.3

0.2

0.1

a T = 6 , 8=2

0.25 0.75 1.0

Fig. 4

0.5
Yoxe

Wall shear stress vs oxidizer mass fraction for variable release
and heat ratio.
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Table 1 Comparison of flame sheet models

I = 0.25, OT = 6, B = 2, $ = 0, YOXe = 0.232, K^ = 50

Present study Chen-Toong14 Emmons13

Yp

~Lff>?*
*

/'W

0.76
0.504
0.144
3.89
6.98
2.74
1.09
0.925

0.63
0.40
0.15
3.0
6.0°
5.7
1.0*
0.90

0.572
0.589

6.0a

" The edge of the boundary layer as set a priori.
b Always fixed.

would normally be found in variable boundary-layer thickness
solution.

Table 1 indicates for a specific example the different pre-
dictions. Figures 4^6 show the predictions of the wall shear,
flame height and flame temperature as the freestream oxidizer
mass fraction is varied. For all cases the stoichiometric fuel-
oxidizer ration, 0, is set at |.

For the case of an arbitrary finite pressure gradient, i.e.,
ft 7^ 0 the momentum equation can no longer be integrated in
closed form, so that the flame velocity and temperature must
be determined by iteration procedures which satisfy the jump
boundary conditions at the sheet.

To simplify the numerical procedure, 6^ was chosen as an
input, instead of YOXg. YOXg values were determined later by
solving the species equation in region IV as an initial value
problem, since the value and gradient of oxidizer mass fraction
are defined at the flame sheet. Then a solution to boundary
condition, Eq. (11), eventually yields a unique velocity and free-
stream oxidizer mass fraction for any given flame temperature.

Figure 7 shows the effect of an accelerating pressure gradient
on the wall blowing rate, under the constraint of a similarity
solution. For the parameters listed, a pressure gradient of
/? = 0.02 increases the blowing rate by at least 25% for every
given value of YOXg. These results agree qualitatively with those

10.0

8.0

6.0

LJ
Q.

LJ 4.0

2.0

FLAME TEMPERATURE VS FREE STREAM
MASS FRACTION FOR VARIABLE HEAT RELEASE
AND HEAT RATIO

0 . 5 , a T = 8

0.25 0.50 0.75 1.0

Fig. 6 Flame temperature vs oxidizer mass fraction.

presented by Chen and Toong.14 Calculations also show, as
expected that wall shear and boundary-layer thickness increase
with /?, while the flame height decreases. In addition velocity
overshoots, i.e. (f^ > 1, when /? > 0) are predicted. Details are
again given in Ref. 11. .

Surface Regression Rate
The fuel regression rate, r (in./sec), can be calculated from the

blowing rate, — fw, which was shown to be a strong function
of the oxidizer mass fraction, and therefore the oxidizer mass
flow rate, Mox = YOXgpe Ue. For a given set of known thermo-
dynamic properties, such as B, $, o^, K2 and an assumed
average Reynolds number (which gives KJ, Fig. 8 shows that
r ~ Mox

n. The exponent n compares favorably with the experi-
mental results of Smoot and Price,15'16 those tabulated by
Kosdon and Williams,17 and the analytical investigation of
Kumar and Stickler.18

5.0

4.0

x
CD
LJ
X

LJ 3.0

2.0

FLAME HEIGHT VS FREE STREAM
OXIDIZER MASS FRACTION FOR
VARIABLE HEAT RELEASE AND
HEAT RATIO

0.25 0.50 0.75

-6=2.0, ay= 6

-B=0.5, aT=

1.0

Fig. 5 Flame height vs oxidizer mass fraction.

0-6

0.5

LJ 0.4
o:

m 0.3

0.2

O.I
CJJ 0.3 0.4

Yoxe

Fig. 7 Wall blowing rate vs oxidizer mass fraction for variable pressure
gradient.
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Fig. 8 Fuel regression rate vs oxidizer mass flux.

Figure 9 indicates that the effect of Xx (as it varies between
the typical range of 20-500) on the slope n is not great, implying
that for the flame sheet analysis, at least, that the similarity
approximation is not a bad one.

The chemical pyrolysis property of the fuel, in terms of the
activation constant K2 is more important however, in deter-
mining the slope n. This is shown in Fig. 10.

As expected the greater the surface activation parameter K2,
the greater the sensitivity of pyrolysis rate to wall temperature
and therefore eventually to the oxidizer mass fraction.

An effect of chamber pressure (Pe) on the regression rate could
be added to the above predictions by simply letting either the
pyrolysis pre-exponential constant A, or the surface activation
parameter, K2 be prescribed functions of pressure. Tsuge and
Fugiwara5 obtain an influence of pressure on their predicted
pyrolysis rate by assuming 9W == Ow(Pe), some equilibrium vapor
condition. The validity of such approaches is not known and
was therefore not included in our predictions.

Conclusions
We have studied the combustion of initially unmixed pyrolyzed

fuels and oxidizers in a laminar boundary layer with thermo-
dynamic coupling at the solid-gas interface, by numerically
integrating the conservation equations. With certain known

0.03

0.02

o.oi

g 0. 007
CO

§ 0. 005
§
K

0.003
0) = 1

0.1 0.2 0.3 0.5 0.7 1.0
Mox (LBM/SEC-IN1)

.02

- 0.010

" .008

S .006

Z
O
c/>enLJa:
e>

.004

.002

0.001

1^0.25 SLOPE =0.29
^=2.5 , SLOPE=0.36

, SLOPE = 0.50

.SLOPE = 0.72

O.I 0.2 0.4 0.6 0.8 1.0
OXIDIZER MASS FLOW RATE , Mox , Lbm/sec

Fig. 10 Effect of pyrolysis constant on fuel regression rate-oxidizer
mass flux relation.

aerothermodynamic parameters (such as heat feedback ratio B;
the stoichiometric fuel/oxygen mass ration </>; the diffusion flame
heat release term o^; the pyrolysis properties Kv and K2,
where K1 is a function of Reynolds number) it is possible to
predict the fuel regression rate as a function of oxidizer mass
flow rate.

Presently we are in the process of modifying the governing
equations to include the turbulent flowfield processes. In another
related investigation we are looking at the effect of finite rate
chemistry, represented by a finite Damkohler number. Figure
11 is a typical result, showing that a Damkohler number as
low as 100 predicts the equilibrium (flame sheet) blowing rate
within 1% for the case studied. This would indicate that a
flame sheet limit used in this study is a good approximation
for the laminar reactive boundary layer. The nonsimilar
equations, i.e., with the included streamwise s variation should
also be studied, but the problem of unknown initial velocity,
temperature, species profiles and the complexity of solving
coupled nonlinear partial differential equations (instead of
ordinary ones) discourages such ideas at the present.

Appendix : Review of Reactive Boundary-Layer
Governing Equations

The governing relations for chemically reacting, two-
dimensional, multicomponent laminar boundary layers with the
standard assumptions are:

Continuity :

Momentum:
du dv\ dp d ( du\

(A2)

Energy:
dT dT

i— + r —ex oy
dp

1TX ^rdy

Fig. 9 Effect of blowing constant on fuel regression rate-oxidizer mass
flux relation.
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Fig. 11 Wall blowing rate vs Damkohler number
for variable oxidizer mass fraction.
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where

(A4)

(A5)

Boundary Conditions at Solid-Gas Interface (y = 0)
From the usual boundary-layer analyses and the mass and

energy balance the proper boundary conditions are derivable
such that at y = 0:

u = uw = 0 (A6a)
v = vw = f(pp/pw) (in terms of unknown regression rate) (A6b)

Yt = YFw (unknown species fraction) (A7a)
T = Tw (unknown wall temperature) (A7b)

Often in problems including surface chemical reactions, the
surface mass injection rate r is controlled by the net surface
chemical reaction rate. Thus the surface distribution of reacting
species YFw is not known a priori, unless the surface is known
to be in chemical equilibrium. Since vaporizing surfaces are
generally not characterized by chemical equilibrium, boundary
conditions (A7a) must be coupled to a mass balance expression
at the solid-gas interface.

At the wall (solid-gas interface), the component i is transported
from the gas to the solid by diffusion at the rate of (pDdYi/dy)^
At the same time, the component i is transported away from
the interface by the normal current at the rate (pV)w YFw in the
gas, and (pV)w Yt_ in the vaporizing solid wall. The rate of
production of the component i by the surface reaction is

Jiw = -pvD(dYJdy)r+(pV)v(Y^- Yt_) (A8)
where Jiw is the rate of production of the ith specie due to
surface reaction. Now y._ is zero when the particular z'th specie
is not included among the vaporized gas mixture, or equals
unity when the vaporized gas is entirely composed of the ith
specie. This means that if the condensed phase is composed of
pure fuel, Yt_ = 1, if i = fuel, while all other Y_ = 0.

Condition A8 does not completely specify the boundary con-
dition for specie conservation because the blowing rate is un-
known and must be expressed by auxiliary analysis. In order
to express the blowing (mass) rate, (pV)w, in terms of other
physical parameters, it is usually assumed that one may incor-
porate a pyrolysis relation, r = r(TJ. An example is a simple
Arrhenius function,

(A9)

where A is the pre-exponential factor and Ew is the activation
energy. Equation (A9) is called the pyrolysis equation and is
valid for most polymer fuels.

Now Tw is the unknown. Because of the coupling nature of
conditions at the wall, and the fact that the process must be
self-sustaining, the case of a constant wall temperature is un-
realistic. Experimentally, it is known that the wall temperature
is related to either the wall blowing rate by Eq. (A9) or the
wall mass fraction. Another auxiliary condition is now required.
This is the energy balance at the surface.

The interface conservation of energy necessary to calculate the
net rate of convective heat transfer to the solid is2

where q_ is the heat conducted into the solid.
For steady heat conduction into the solid it is easy to show

[see Waldman et al. (1969)] that in terms of temperature, the
boundary condition is

dT\ (All)

Equation (All) shows the coupling between the momentum
and energy boundary conditions at the surface. [With this
equation, the parameter B is defined as shown in Eq. (8f).]

At the freestream, the boundary conditions on velocity,
temperature and species are known. They may be written as
j;—> oo

u = ue (A12a)
Y. = 7OXe

T = T
(known)

(known)
(A12b)
(A12c)

Equations (A8-A12) now provide sufficient boundary conditions
necessary for the solution of the conservation equations.
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Influence of Gradient of Velocity upon the Resonant Radiative
Transfer in Plasma Flows
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The aim of this work is to estimate the influence of a velocity gradient upon the resonant radiative transfer
and to propose an approximate analytical solution of the transfer equation. The radiative population rate of the
resonant states is shown to be notably influenced by a velocity gradient of the same order as that found in a
boundary layer along a wall in a supersonic flow. Thus this rate appears to be from one to three orders of
magnitude smaller than in the case of zero gradient.

Nomenclature
Arf = Einstein coefficient for spontaneous emission of the

resonance lines
B = population rate due to the photons which are emitted in

the freestream plasma
Bfr = Einstein coefficient for absorption
C = velocity of light
/v = specific intensity of the radiation at v
/cv = spectral absorption coefficient per unit length at v
L = boundary-layer thickness
/ = distance normal to the freestream boundary
/* " = dimensionless length (Sec. V)
L = thickness of the plasma
/' = L — L = thickness of the homogeneous plasma
N = density number
5 = line strength
U = velocity in the streamwise direction
u', v', w' = coordinate system (Fig. 4)
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Z
a
t
A>
P
y
A

= distance normal to the wall
= dA5vD)2

= expression defined in Eq. (10)
= value of /? for zero gradient
= expression defined in Eq. (42)
= \(i/c)du/dz\
= population rate due to the photons which are emitted

in the nonhomogeneous plasma
= (hall) half-width doppler
= angular coordinate system (Figs. 2 and 4)
= radiation frequency
= coordinate system (Fig. 2)
= lifetime = l/Arj-
= dimensionless frequency

Subscripts
ef
m

= freestream value
= ground state
= metastable state of Af
= resonant states

I. Introduction

IN many studies on plasma-jets, electron-ion recombination
rate coefficients of homogeneous decaying plasmas are often

used in the species (electrons and ions) conservation equations.
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